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Whereas in the classical theory of genera in quadratic number fields the 
genera are characterized explicitly by the so-called genera characters, 
Leopoldt in his generalization to arbitrary abelian number fields has given 
no analogue to this explicit characterization. The subsequent supplemen- 
tary note fills this gap, 
Leopoldt [1] has generalized the classical theory of genera in quadratic 
number fields to arbitrary abelian number fields. His generalization was 
based on a previous paper of mine [2]. In this paper I started from a 
classfield-theoretical definition of the genera group in a quadratic number 
field K, viz., as the class partition in K corresponding to the maximal 
abelian extension K* of K which is unramified for all prime divisors of K 
and abelian also over the rational number field P. I showed that this class 
partition is identical with the classical partition of the divisor classes of 
K into genera, defined by the so-called genera characters, viz., that the 
divisors c in its principal class, the so-called principal genus, are charac- 
terized by the norm symbol relations 
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for their absolute norms ‘S(c) in P, where d denotes the discriminant 
of K and the pi are the different rational primes contained in d. 
In Leopoldt’s generalization of this theory to arbitrary abelian number 
fields the analogue to that explicit characterization of the principal genus 
is missing. I shall give it here by proving: 
THEOREM. The divisors c in the principal genus of an abelian number 
field K are characterized by the norm symbol relations 
(i = 1,. . .,r) 
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for their absolute norms a(c) in P, where the pi are the different rational 
primes contained in the discriminant d of K or, what is the same, in the 
conductor f of K, in other words the d@erent rational primes ramijied in K. 
The norm symbols in (2) are general norm symbols, introduced and 
treated in an earlier paper of mine [3]. In the case of a cyclic field K of 
degree n with generating automorphism S the general norm symbol for a 
rational c # 0 and a rational prime p is defined by 
c,K 
(3 
= s-p, 
P 
where v,,/n mod’ 1 is the p-invariant of the central simple algebra over 
P generated by K and an operator u satisfying the relations 
u”=c u- 3 ‘Ku = KS (elementwise). 
Only in the special case where K is generated by a radical, i.e., only in 
the quadratic case, the general norm symbol reduces to the special norm 
symbol [(c, d)/p] figuring in (l), with values 5 1 given by the factor which 
the application of [(c, K)/p] on the radical Jd produces. 
In the case of a composite K of linearly disjoint cyclic fields the general 
norm symbol is defined in an obvious way by means of the corresponding 
direct composition of the automorphism group of K. 
Proof of Theorem. Let X be the character group in P to which the 
given abelian field K corresponds, viz., as classfield to the congruence 
partition in P defined by X. The principal class of this partition consists 
of the rationals c prime off with 
x(c) = 1 for all characters x in X. 
In virtue of the general law of reciprocity this principal class may also be 
characterized by the Artin symbol relation 
K (-> = 1 c (c prime off). 
Let further pi,. . . , pr be the different rational primes contained in the 
conductor f of K, i.e., of X. Then each character x in 3 has a unique 
decomposition 
x=x1--.xr 
in characters xi whose conductors are powers of the pi, respectively. When 
x runs through the full group X there characters Xi run through subgroups 
Xi whose conductors fi are the powers of the pi, respectively, contained 
in f. The composite of these subgroups Xi is a direct product 
x*=xlx...xx,, 
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called by Leopoldt [1] the “disjunction” (AuJliisung) of X. The corresponding 
abelian field is then the tensor product 
K*=K1@...@K, (3) 
of the abelian fields Ki corresponding to the subgroups Xi. This abelian 
field K* is the maximal abelian extension of K which is unramified for 
all prime divisors of K and abelian also over P. Leopoldt [I] called it the 
genera jieZd of K. It is classfield to the congruence class partition in P 
defined by J* whose conductor is again f = fl . . .f,. The principal class 
of this partition may be characterized by the Artin symbol relation 
( > K* 1 -= (c prime tof), c 
or else, by the relations 
(4) 
Now the genera field K* is a fortiori abelian over K, and hence is class- 
field to a divisor class partition in K. It is these classes that Leopoldt [1] 
defined as the genera of K. Since K* is unramified over K for all prime 
divisors of K, the genera of K are composed of ordinary divisor classes 
of K (in the strong sense: principal class the principal divisors of totally 
positive numbers). The principal class of the genera partition is called the 
principal genus of K. According to the transfer theorem for classfields, 
those divisors c in the principal genus of K which are prime to f are those 
whose absolute norms m(c) belong to the principal class of the class 
partition in P coordinated to K *. Thus it follows from (4) that those of 
them that are prime to f are characterized by the Artin symbol relations 
In this characterization the genera field K* of K is occurring. By appli- 
cation of the formal rules for the Artin symbol and norm symbol (see [3]) 
the characterization can however be brought to the form (2) asserted in 
the Theorem, in which only the given field K itself is occurring. 
For this purpose one starts best from the norm symbols in (2) pre- 
supposing c to be prime to J Let pi be one of the primes contained in 5 
As a consequence of (3) one has 
Here the factors withj # i are 1, since for them p, is not contained in the 
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conductorfj of Kj. Hence 
(y!)=(??). 
As a consequence of the product formula for the norm symbol one has 
further 
(??) =;, (!!!3!$y. 
where q runs through all rational primes other than pi; the infinite prime 
may be omitted because S(c) > 0. As these primes q are not contained 
in fi, and as ‘S(c) is prime to fi, the norm symbols for them reduce to 
Artin symbols : 
where w,(92(c)) denotes the exponent to which the prime q is contained 
in a(c). Thus 
(!3) = 5, (%‘)-wq’“‘c” = (!L&‘. 
Hence the norm symbols in (2) coincide with the Artin symbols in (5) 
for all divisors c of K which are prime tof, so that the divisor group in 
K characterized by the relations (2) coincides with the principal genus 
of K within the domain of all divisors c of K prime to jI But since the 
genera partition in K has conductor 1, this coincidence extends to the 
domain of all divisors c of K without exception. This completes the proof 
of the Theorem. 
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